In the Pythagorean tuning system, the fifth is used to generate a scale of 12 notes per octave. In this paper, we use the octave to generate a scale of 19 notes per tritave; one can play this scale on a traditional piano. In this system, the octave becomes a proper interval and the 2:3:4 chord a proper chord. We study harmonic properties obtained from the 2:3:4 chord, in particular composition elements using dominants, subdominants, higher dominants, associated minor chords, inversions, and diminished chords. The rhombic picture (array notation) turns out to be an effective tool to visualize the harmonic development in a composition based on these elements. 2:3:4-harmony may sound pure, yet sparse, as we illustrate in a short piece.
Introduction
The 4:5:6 chord lies at the very center of major mode harmony in the music of the western world. It is ubiquitous in chord sequences involving dominants and subdominants, and its mirror image defines the associated minor chords. Allowing for inversion, the chord appears in many shapes including the 3:4:5 chord with its stunningly low frequency ratios. The symmetric diminished version allows for fast key changes which, together with the variety of intervals that can be expressed, provide us with rich and dynamic harmonies.
By comparision the 2:3:4 chord, despite being admired since Pythagoras' time for its perhaps unsurpassable purity, appears neglected in modern music. Some even question its status as a proper chord, claiming that the octave, being considered unison, cannot be counted as one of its intervals.
In this paper, we vigorously deny this claim. It is our position, that it is the chord, or the chord sequence, which defines what is harmony. If octave equivalence does not fit with the chord, then we have to replace it. This has been done before: For the Bohlen-Pierce scale, see in particular [1] for a comprehensive introduction, octave equivalence is not even considered a viable concept.
Our paper has three parts and some appendices. We discuss the third part first.
We take elements of composition from the diatonic system and adapt them to 2:3:4 harmonics. Since the system is tritave-based, a chord is inverted by replacing a note with one a tritave higher or lower. In the following, we will use inversions frequently.
Recall that the dominant in the diatonic system is formed by replacing each note by its successor in the circle of fifths. For 2:3:4 harmonics, there is a corresponding concept, the circle of octaves, which we introduce in Section 1.3. For the subdominant, one proceeds in the opposite direction in the circle. Together, tonic, dominant and subdominant form what we call in Section 3.1 the basic sequence, tonic -subdominant -dominant -tonic, which we picture first in the diatonic system, starting with the C-E-G chord: then in 2:3:4-harmonics, based on the A-E-A chord:
As in the diatonic system, going from dominant back to tonic expresses a sense of finality, although this may be weaker in 2:3:4 harmonics. But then, since tonic and dominant differ by only one note, one may as well go from double dominant back to tonic, and this appears to strengthen the sense of finality.
We discuss perception of music in the 2:3:4 system in the final Section 3.5 on purity and sparsity.
In the first two parts, we provide the necessary tools.
First, we use the 2:3:4 chord to build a scale in which the chord itself is proper. Like for the Bohlen-Pierce scale given by the 3:5:7 chord, we use tritave equivalence. Unlike the Bohlen-Pierce scale, the scale has the octave as a proper interval, in fact, we take the octave as the generator of the scale.
The scale is a Pythagorean scale since in just intonation any two notes have frequency ratio of the form 2 u · 3 v for suitable integers u and v. Up to the Pythagorean comma, the scale has 19 notes per tritave. Harmonically, the notes are arranged in the circle of octaves, see Section 1.3. . A nice feature of this scale is that, practically, it can be played on a traditional piano, either in just Pythagorean or in 12 tone equal intonation, as we will see in Section 1.4.
Nevertheless, as the scale is tritave based, a keyboard which emphasizes periodicity with respect to the tritave would be preferable.
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In the second part of this paper, we study a method for visualizing harmony. The rhombic picture or array notation captures the above mentioned elements of composition; sequences of arcs within the picture visualize how the harmony develops throughout the piece. In the rhombic picture, the notes from the circle of fifths or the circle of octaves are arranged horizontally. Here are the two basic sequences from above.
In the rhombic picture, they appear as follows.
There is some choice in representing harmony in the rhombic picture as the same note occurs in several positions. Note that the dominant chord B-D-G () appears as G-B-D in the rhombic picture since proximity of neighboring notes is lost when adjusting for inversions.
The chord progression in 2:3:4-harmony can be represented linearly, as the one in the diatonic system. But it is a nice feature of the rhombic picture for 2:3:4 harmony that inversions can be represented faithfully.
In the rhombic picture on the right, the dominant A-D-A (), for example, can be read off from the notes along the arc. Note that the chord is correctly represented as a minor chord.
The appendices contain • tables for the comparison of Pythagorean versus equally tempered scales, • a computation for the number of notes per tritave using continued fractions, • key labels to play a tritave based system on the 88-key piano, • the score for the Ave Maria in dix-neuf par duodecime, and • two tables about chord purity.
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A piano scale based on the tritave
The famous octave-based Pythagorean scale turns out to have a less known relative, the tritave-based Pythagorean scale Pyth-3. We briefly review the Pythagorean scale in order to introduce Pyth-3. For most readers, the review will be boring, unnecessary and inadequate. It will be boring because they know, unnecessary because the scale which we will work with can be played on the piano anyway, and inadequate since more comprehensive reviews of the Pythagorean scale can be found in the literature, see for example [4] . But our review will be brief, and it will illustrate a feature which is characteristic for 2:3:4 harmony, namely the circle of octaves.
1.1. Two harmonic degrees for the Pythagorean scale. In order to describe the notes in the Pythagorean scale, two ingredients are needed:
• The base note, which we call D.
• Two intervals, the octave (2:1) and the tritave (3:1). An arbitrary note in the scale is obtained from the base note by going up a certain number u of octaves and a certain number v of tritaves. Either or both numbers can be negative, in which case we are moving down. One can also use the octave and the fifth (3:2) for the construction, but the scale will be the same.
To each note one assigns a frequency ϕ, measured relative to the frequency assigned to the D, it is given by the formula
the numbers u and v are integers, both are determined uniquely by the frequency ratio ϕ. In fact, as ϕ is a positive rational number, we can recover u and v from ϕ via the formulas
where µ 2 and µ 3 count the multiplicities of 2 and 3, respectively, in a prime factor decomposition.
The numbers µ 2 (ϕ) and µ 3 (ϕ) are called the harmonic degrees, either of a note or of its frequency ϕ.
Using the harmonic degrees, we single out two classes of notes:
• Pyth-2 consists of all notes of harmonic degree µ 3 between −5 and +6. • Pyth-3 consists of all notes of harmonic degree µ 2 between −9 and +9. The bounds of the harmonic degrees (−5 and +6 for µ 3 , or −9 and +9 for µ 2 ) will become transparent in the next section.
1.2. The comma and enharmonic notes. So far, we have infinitely many notes, one for each pair (u, v) of integers. To reduce this number, certain notes are considered to be "enharmonic". We show that each note is enharmonic to a unique one in Pyth-2 and to a unique one in Pyth-3.
It turns out that the numbers 2 19 and 3 12 are of the same magnitude, their quotient κ = 3 12 2 19 = 1.01364 . . . is the Pythagorean comma. In cents it is about 1200 · log 2 (κ) = 23.460 . . . , which is a little bit less than one quarter of a half tone step.
We say that two notes are enharmonic if their frequencies differ by a power of the Pythagorean comma κ. For example, any two notes in the list:
are enharmonic. Note that the note of frequency κ has harmonic degrees µ 2 (κ) = −19 and µ 3 (κ) = 12, more generally, we have for a note of frequency ϕ = 2 u · 3 v and an integer m:
As a consequence we obtain:
(1) Each note is enharmonic to a unique note in Pyth-2.
(2) Each note is enharmonic to a unique note in Pyth-3. We explain the second statement for a note of frequency ϕ = 2 u · 3 v . By the Division Theorem, for any integer n, there is a unique quotient m and a unique remainder r such that n = 19 · m + r and 0 ≤ r < 19. Applying this result to n = u + 9 we obtain m and r such that u + 9 = 19 · m + r and 0 ≤ r < 19, so u = 19 · m + (r − 9) where − 9 ≤ r − 9 ≤ 9.
The note of frequency ψ = ϕ · κ m is enharmonic with ϕ and has harmonic degree µ 2 (ψ) = µ 2 (ϕ · κ m ) = u − 19 · m = r − 9 which is in the range from −9 to +9. Hence ψ is in Pyth-3, and it follows from the uniqueness of m that ψ is the unique note in Pyth-3 which is enharmonic with ϕ. This shows (2) .
So the exponent 19 in the Pythagorean comma κ = 3 12 ÷ 2 19 determines the number of consecutive integers which can occur as harmonic degrees in Pyth-3. Similarly, the exponent 12 determines the number of harmonic degrees in Pyth-2.
Where do the numbers 12 and 19 come from? In Appendix 4.2 we describe how to find this pair of numbers, and other pairs like 53 and 84, for which the comma is even smaller.
1.3. The circle of fifths versus the circle of octaves. For each scale degree, we pick one note and assign it a letter name. Then any other note of the same scale degree is equivalent, with respect to the octave or the tritave, to the given note.
Consider the notes in Pyth-2 of harmonic degree µ 3 = h, their frequencies are:
For any two of them, the quotient is a power of two, so the notes differ by a certain number of octaves. We say they are octave equivalent.
Fix an interval I 2 = (a, b ] of positive real numbers such that b/a = 2. As we will explain below, it follows that among the notes in the list above, there is exactly one note with frequency in I 2 . For the 12 harmonic degrees in Pyth-2, we obtain 12 unique notes in I 2 . If we take the interval
, the notes corresponding to harmonic degree −5, −4, . . ., +6, with D at degree 0, are usually denoted as follows:
E , B , F, C, G, D, A, E, B, F , C , G We list the notes, their frequencies and degrees in Table 1 in the Appendix.
If we take a different interval, then the notes will be rotated cyclically, some shifted by one or several octaves. Hence it is common practise to arrange them in a circle, see Figure 1 .
We repeat this process for the tritave based system Pyth-3.
Consider the notes of harmonic degree µ 2 = h, their frequencies are: .
For any two of them, the quotient is a power of three, so the notes differ by a certain number of tritaves. We say they are tritave equivalent.
Fix an interval I 3 = (a, b ] of positive real numbers such that b/a = 3. Among the notes in the list, there is exactly one note with frequency in I 3 . For the 19 harmonic degrees in Pyth-3, we obtain 19 unique notes in I 3 . If we take in particular the interval
we obtain the notes in the following list:
• the 12 notes A, . . ., G from Pyth-2 • the A • the notes F , F , G , which are one octave under F, F , G, respectively, and • the notes A , B , B one octave above A, B , B, respectively. In Table 2 in the Appendix we list with each note its frequency, its scale degree, its harmonic degree, and how much it deviates from equal intonation.
Again, up to rotation and tritave equivalence, the choice of the interval does not matter, so it is best to arrange the notes in a cycle, see Figure 2 .
For notation, one uses primes and commas to denote the shift by an octave, and hats and check marks to denote the shift by a tritave. For example, C and G are the notes one octave above the C and one octave below the G, respectively; and Cˆand Gˇare the notes one tritave above the C and one tritave below the G, respectively. Thus, the notes Cˆand G are equal, and so are Gˇand C . .
To make the notation unique, we take for Pyth-3 the following 19 notes, sorted here by scale degree,
and their up and down shifts by multiples of a tritave, which we indicate by hats and check marks.
In summary, we obtain:
(1) Each note in Pyth-2 is octave equivalent to a unique note in the circle of fifths. (2) Each note in Pyth-3 is tritave equivalent to a unique note in the circle of octaves.
To see the second statement, consider a note, say of frequency ϕ. Take the logarithm with base 3 and round to the nearest integer, say m. That is,
Apply the exponential function with base 3 (which is inverse to the logarithm) to obtain
and we see that the note of frequency ψ = ϕ 3 m , which is m tritaves under ϕ, lies in the interval
If ϕ is in Pyth-3, say of harmonic degree h = µ 2 (ϕ), then ψ is the h-th note in the circle of octaves.
1.4. Playing Pyth-3 on the piano. Is it possible to play in a tritave based system on the piano?
The answer is: Yes, it's almost accurate -and we will make is easy.
Before we start doing so, we need to caution the reader that our goal here is only to show feasibility. For a discussion of measures with respect to which scales are to be optimized, and for methods to accomplish this, we refer the reader to [6] and to [3] .
In Figure 3 , we list the notes from the circle of octaves, they occur as keys on the piano (for the A see below). The remaining notes in Pyth-3 are obtained from those by going up or down a certain number of tritaves (see Appendix 4.3). 
The point is that the notes in Pyth-2 and in Pyth-3 are almost the same. Yet for composition and in terms of harmonic properties, octave based systems and tritave based systems are treated quite differently.
Let us first consider the piano in just Pythagorean intonation. We have seen in Section 1.2 that each note in Pyth-2 is enharmonic to one in Pyth-3, and for most notes on the piano they are equal. For eight notes, they differ by plus or minus one comma.
The first place where they differ is at scale degree −6, here the note in Pyth-2 is the G of frequency 2 −10 · 3 6 , while Pyth-3 has at this position the A of frequency 2 9 · 3 −6 = 2 −10 · 3 6 ÷ κ. (In Pyth-2, we give preference to a note of harmonic degree µ 3 = 6 over harmonic degree µ 3 = −6, while in Pyth-3, we prefer harmonic degree µ 2 = 9 over µ 2 = −10.) Here is the full list.
Where Pyth-2 and Pyth-3 differ in just intonation
Scale degree -37 -30 -25 -18 -6 25 37 44
Next we consider the piano in equal temperament. The note at scale degree n is commonly tuned to frequency 2 n 12 . This system is called 12-EDO (equal division of the octave).
For equal intonation in a system of 19 notes per tritave, we simply assign to the note at scale degree n the ratio 3 n 19 . We call this system 19-EDT. We have seen in Table 2 that each note in Pyth-3 differs by at most ±11.11 cents from the corresponding note in 19-EDT. For white notes, the difference is at most ±6.17 cents. The reason is that on the piano, the white keys are assigned to notes with low harmonic degree, see Figure 4 , and that the note in Pyth-3 at harmonic degree n differs from the corresponding note in 19-EDT by κ −n/19 (which is n · (−1.23) in cents). Let us compare 19-EDT with 12-EDO. Note that the numbers 3 We restrict this comparison to the notes on a piano with 88 keys. If the middle notes are in tune, then for any scale degree the note in 12-EDO differs by less than ±5 cents from the note in 19-EDT of the same scale degree.
We have already seen that each note in 19-EDT differs by at most ±11.11 cents from its corresponding note in Pyth-3.
In this sense, both 19-EDT and Pyth-3 in just intonation can be called "piano scales", as in the title of this section. In particular, we will be using the usual music notation for all scales.
For the convenience of the reader, we attach in Appendix 4.3 key labels for Pyth-3 for an 88-key piano keyboard to exhibit the notes with hats and check marks.
Visualizing harmony: The rhombic picture
We introduce the rhombic picture as our main tool for visualization. First we review the situation for 4:5:6-harmony, then we present the rhombic picture for 2:3:4-harmony. The extended rhombic picture for 2:3:4-harmony contains in addition the scale degree of each note; in this picture, chord inversions can be represented faithfully.
2.1. The rhombic picture for 4:5:6-harmony. We revisit the rhombic picture, also called "array notation" in [2, Chapter 5], which allows us to visualize chords and chord progressions. We first deal with the diatonic system. 
The rhombic picture for the 4:5:6 chord in the diatonic system is obtained as follows. In horizontal direction, the notes progress as given by the circle of fifths, corresponding to the ratio 6:4 or 3:2. We divide the horizontal step into two parts given by the two small intervals in the chord: The major third (5:4), pictured as an upwards step, and the minor third (6:5), as a downwards step.
In Figure 5 , in horizontal direction, are the white notes from the circle of fifths, attached are the major chords (in Λ-shape above it) and the minor chords (in V-shape below it) which consist of white notes only. The chords are labeled for C-major signature.
The process of going from tonic to dominant and subdominant is clearly visible as a horizontal translation. The diminished chord (vii 0 ) or B-D-F -part of the (V 7 ) chord -is the only diminished chord using white notes only. By identifying equal notes, we obtain in Figure 6 a more compact picture which highlights the proximity between major chords and associated minor chords.
Harmony in 4:5:6. To emphasize the significance of this picture for studying the harmony generated by the 4:5:6 chord, we quote from [2, 5.11, p.182 ]. Note that all the chords mentioned consist of white notes and occur in the rhombic picture in Figure 6 .
Here is a chart of the most common harmonic progressions in the music of the western world, in the major mode:
and then either end the piece or go back from I to any previous triad. Common exceptions are to jump from iii to IV, from IV to I and from V to vi.
With the black notes added in, the picture becomes infinite in each direction. The white notes and the black notes form alternating bands in almost horizontal direction but with slightly negative slope. We Figure 7 the fundamental tile. The full rhombic picture can be obtained by connecting different copies of the fundamental tile along parallel dotted lines. Between the leftmost D and the rightmost D, one can recognize the band of white notes from Figure 6 , and its slightly negative slope.
picture in
To conclude, we summarize the role of the directions in the rhombic picture for 4:5:6-harmony. All moves are up to octave equivalence. 2.2. The rhombic picture for 2:3:4-harmony. We adapt the rhombic picture from the previous section.
First consider the white notes from the circle of octaves. We picture them in Figure 8 The compact version of the rhombic picture. Note that in Figure 8 , notes repeat along every second descending diagonal. By identifying those diagonals, we obtain the following more compact picture. The rhombic picture with scale degrees. It turns out that (unlike for 4:5:6-harmony), one can indicate the scale degree in the rhombic picture. The dotted lines in Figure 9 , along which we identified tritave equivalent notes, represent in Figure 10 the shift by a tritave. We call this the extended rhombic picture. In conclusion, we indicate how moves in the rhombic picture correspond to changes in the pitch. Note that when working with extended rhombic pictures, the changes are absolute, not only up to tritave equivalence. Consider one rhombus in Figure 10 , for example:
Moving to the right (e.g. from A to A ) increases the pitch by one octave ( ) Moving up diagonally to the right (e.g. from D to A ) increases the pitch by one fifth ( ) Moving down diagonally to the right (e.g. from E to A ) increases the pitch by one fourth ( ↑ ) Moving up (e.g. from D to E) increases the pitch by two halftone steps.
Harmony for ears and eyes
We study basic elements of composition, which we adapt to a tonal system that is modulated with respect to the tritave:
(1) Basic chord sequences, in particular: tonic -subdominant -dominant -tonic (2) Inverting chords.
(3) Going from major mode to associated minor, and conversely. (4) Using diminished chords to change key signatures.
A concluding section discusses purity and sparsity in compositions involving the above elements.
3.1. Tonic, dominant and subdominant. We revisit the sequence tonic to subdominant to dominant to tonic in the diatonic system. We consider the 4:5:6 chord, more precisely the major chord C-E-G. In the second bar, we repeat the chords using inversion modulo the octave.
tonic dominant subdominant
We recreate this sequence in the 19 note system. For the base chord we take the 2:3:4 chord, more precisely the A-E-A chord. Then the dominant is the chord which has as its base note the top note from the tonic, and the subdominant has as its top note the base note from the tonic. In the rhombic picture, they appear as follows. First, the basic sequence in 4:5:6-harmony:
Here is the basic sequence for 2:3:4-harmony:
We picture the sequence in the (extended) rhombic picture:
We repeat the basic sequence, with notes replaced by tritave equivalent ones: Figure 12 represents accurately that the chord is now an extended chord, while is a minor chord. 
Visualizing dominants. We summarize how the process of moving from tonic to dominant or subdominant is visualized in the (extended) rhombic picture. Without reduction modulo the tritave, the moves are given by going one step to the right or the left, respectively. A final remark. The step from dominant back to tonic may convey a sense of finality. Note that dominant and tonic differ in only one note.
A perhaps stronger sense of finality can be conveyed by using the step from the second domiant back to tonic, as in the following example.
2nd dominant tonic
The sequence in the rhombic picture:
Permuting the intervals: Inversions. Given a chord of three notes, how do we determine which major or minor mode it belongs to? It turns out that this process depends on whether we are dealing with octave-based 4:5:6-harmony or tritave-based 2:3:4-harmony.
For many chords in 4:5:6 harmony, the intervals are either a major third (), a minor third () or a fourth () -note that it is the fourth which complements the major third and the minor third to the octave.
There are six possibilities to pick two different intervals from the above. Up to inversion, there are two types: + (major) -+ (1st inv. major) -+ (2nd inv. major) or + (minor) -+ (1st inv. minor) -+ (2nd inv. minor).
The chords in the first sequence are the major chords, possibly inverted, those in the second are the minor chords.
Tritave-based 2:3:4 harmony is different. The 2:3:4-chord consists of a fifth () and a fourth (), but to complement the chord to a tritave, another fifth () is needed.
Hence there are only three possiblities to pick two intervals from the above: + (major) -+ (1st inv. major) -+ (2nd inv. major).
Note that the first inversion of the major chord is a minor chord, while the second inversion is an extended chord.
In summary, octave-based 4:5:6-harmony appears to be richer as there are two modes (major and minor) and three inversions; by comparison in tritave-based 2:3:4-harmony, there is only one mode (major) with three inversions, or -looking at it differently -three modes (major, minor, extended) but no inversions.
Next, we discuss inversions in the rhombic picture. We begin with 4:5:6-harmonics. Consider the major chord D-F -A on the left side in Figure 7 . After inversion, we obtain the chord F -A -D . It is not clear which of the four D's in Figure-7 -top, bottom, left or right -to use for the visualization of the chord. The top D appears three major thirds away from the D in the initial chord, the bottom D four minor thirds, and the D on the right a combination of both. Which is best?
We decide for the D on the left. That is, both chords D-F -A and F -A -D are represented by the Λ-shape on the left side in the figure. In general, in 4:5:6-harmony, we will deliberately ignore inversions of chords.
Not so in 2:3:4-harmony. Starting from the major A-E-A -chord () in Figure 13 , the first inversion is the minor E-A -Aˆ-chord (), which is adjacent on the right of the major chord. Inverting again leads to the extended chord A -Aˆ-Eˆ(), which just extends the upwards pointing leg of the V-shaped minor chord. A third inversion brings us to the Aˆ-Eˆ-A ˆ-chord () -a tritave higher than the chord we started with -it sits on top of the extended chord. 
In conclusion, the process of going to first inversions results in a cycle for the following three types of chords:
• Major chord → Associated minor (which shares the fourth) (4) (1)
The key changes from C minor () to C minor sept () to A major () to D major (), as indicated in the rhombic picture below. 
Note in particular that the C minor sept chord contains the E major chord. Thus in the first three bars, the harmony moves from minor to associated major to subdominant and to second subdominant.
In the opinion of the author, the rhombic picture does capture those dramatic changes in harmony. By comparison, when glancing over the score from left to right, the changes in pitch for each note are minuscule. This is beauty.
By comparison, in our example from the Ave, the legwork shows.
Note that throughout the score of the Ave, the pitch increases by one tritave. We compare the four chords in bars 3-4 played by the right hand (exhibited above in Thus the sequence of first inversions in bars 9-10, and the sequence of second inversions in bars 15-16 divide the Ave into three parts. They are intended to correspond to the three parts of the lyrics (greeting; adoration; prayer request).
Diminished chords.
Here is an example from the Prelude in C by J. S. Bach, from Book One in the Well Tempered Clavier. It provides the foundation for Ch. Gounod's Ave Maria. In our version of the Ave, arrangement and rhythm follow Gounod. We copy here bars 11-15 from Bach's Prelude as they illustrate the use of diminished chords to change between different keys and modes. We illustrate the chords in (1) through (5) in the rhombic picture. Observe that the notes D, F, A in the minor chord () are just one half tone step, one half tone step and two half tone steps, respectively, above corresponing notes in the diminished tetrachord (); while the notes C, E, G in the tonic major chord () are one half tone step, two half tone steps and two half tone steps above corresponding notes in the diminished tetrachord ().
In this resolution back to tonic, note how minuscule differences in corresponding notes in subsequent bars contrast with dramatic changes in the harmony as exhibited in the rhombic picture.
In the Ave, we use diminished chords to move from a given chord to its first inversion. As mentioned in the previous section, the two inversions of the chords in the basic sequence divide the Ave into three parts.
The first and the last chord in the basic sequence is the A-E-A , so the third part of the Ave lies between the second inversion of this chord, which is the extended chord A -Aˆ-Eˆ() in bars 15a and 16b, and the chord one tritave higher, Aˆ-Eˆ-A ˆ() in bars 21a and 22b. Figure 15 is the rhombic picture for the third part of the Ave, it visualizes the movement of the harmony up from the extended chord A -Aˆ-E( ) to its first inversion Aˆ-Eˆ-A ˆ(), which is the final major chord, one tritave above the initial chord (*) of the Ave.
This move cannot be accomplished only by repeatedly going to dominants or subdominants. (Because, in the rhombic picture, all higher dominants are within the same vertical column.) Instead, we use diminished chords: Starting from the major chord (), we move to the diminished chord B -Aˆ-Dˆ(), then push the diminished chord up to Aˆ-Dˆ-Gˆ() and resolve to minor G ˆ-Cˆ-Gˆ(). From this chord, we use possibly higher subdominants and dominants in (-) to move further up towards the final chord Aˆ-Eˆ-A ˆ().
Note that in this third part, the up-and-down movement of the melody in bars 17-20 has a W-shape which follows the up-and-down movement in the rhombic picture.
Purity and sparsity.
When asking listeners about their impression of the Ave Maria in dix-neuf par duodecime, the piece has been characterized as "reminding of Gregorian chants", as "sounding Celtic", and as having a sound that is "pure and sparse". Hence this section on purity and sparsity.
Purity. For a chord, two measures for purity come to mind, one is the distance from a base note such that each note in the chord is an overtone of that base note. For the 2:3:4 chord A-E-A , the base note is an octave (hence the "2" in "2:3:4") below the A, which is the A or Eˇ.
The second measure is the distance of a common overtone for all the notes in the chord. For this, we rewrite the chord using reciprocals with simplified denominators: The 2:3:4 chord is the 1 6 : 1 4 : 1 3 chord. From this notation we see that the first common overtone of the A-E-A chord is the A ˆor E , which is one tritave (hence the "3" in " 1 3 ") above the A .
In Appendix 4.5 we compute both measures for the diatonic system and for 2:3:4 harmony. In both systems, major chords stand out for their small distance from the base note, while minor chords are very close to the first common overtone. Also in both systems, extended chords do better in both measures than diminished chords.
Overall, all chords (that is, major, minor, extended and diminished chords) are much purer with respect to both measures in 2:3:4 harmony than in the diatonic system. On the other hand, major and minor 2:3:4 chords are much more similar than the corresponding diatonic chords. In fact, in 2:3:4 harmony, as we have seen, but not in the diatonic system, the distinction between major and minor chords is lost when inversions are applied.
Sparsity. It is possible that the impression of sparsity arises since the intervals 5:4 and 6:5 in diatonic harmony are missing in the 2:3:4 system (because any frequency ratio between two notes has the form 2 u · 3 v , so no prime factor 5 occurs). With the major and minor third missing, chords are spaced further apart and hence may sound "thinner".
The other reason for sparsity is that for a piece in 2:3:4 harmony it is necessary to emphasize the tritave to create the proper frame. Throughout the Ave for example, the left hand reproduces the top two notes of the right hand, but one tritave lower. Clearly, by playing notes in parallel, the density of overtones is reduced, which the listener may perceive as pure yet sparse.
Conclusion. Since the 2:3:4 chord consists of a fourth, a fifth, and an octave, we cannot omit a quote from the book by G. Loy ([5, Section 3.8.2]) with which we conclude this section.
The interval of the third in the Pythagorean scale was considered a dissonance in the Middle Ages, and as a result compositions would typically omit the third in the final chord of a composition so as to end only with perfect intervals -fourths, fifths, and octaves -an effect that sounds hollow to modern ears.
Appendices

Comparison of Pythagorean vs. equally tempered scales.
In this section we give details about the notes in the Pythagorean scales Pyth-2 and Pyth-3. Using the first five terms (omitting the summand after the second number 2) yields the approximation log(2) log(3) ≈ 12 19 .
It is not a surprise that this is a good approximation since the number 3 12 ÷ 2 19 , being the Pythagorean comma κ, is very close to one. It gives rise to a scale of just intonation of 19 notes per tritave with the octave at scale degree 12. This is the scale Pyth-3 studied in Part 1.
Incidentally, the approximation at degree 7 (given by omitting the fraction containing the 5) is an excellent one: log(2) ÷ log ( Figure 18 better reflects harmonic properties of the scale: in particular, the periodicity given by the tritave and the assignment of notes with lower harmonic degrees to white keys. Since the harmonic degree µ 2 is invariant under the shift by a tritave, the white notes all have harmonic degrees between -5 and 5. For each note symbol, the harmonic degree is as indicated in Figure 4 .
4.4.
The score of the Ave Maria in dix-neuf par duodecime. For a recording please visit https://youtu.be/Bg1n4jM1n5w. 
4.5.
Two tables about chord purity. We refer to Section 3.5 for the two measures of purity exhibited for the chords in the following two tables.
Proximity of common base note and overtone for 2:3:4 chords type base overof example frequency ratios note, tone, chord distance distance
Major
A-E-A 2 : 3 : 4 Diminished A-D-G 9 : 12 : 16 1 16 : 1 12 : 1 9 Aˇ=G , 9 Gˆ=A , 9
Proximity of base note and overtone for 4:5:6 chords type base-overof example frequency ratios note, tone, chord distance distance Minor A-C-E 10 : 12 : 15 1 6 : The common base note of a chord is the highest note such that each note in the chord is an overtone; its distance from the lowest note in the chord is given by the first entry in the integer frequency ratios. The common over tone of a chord is the lowest note which occurs as an overtone for each note in the chord. Its distance from the highest note in the chord can be read off from the last entry in the reciprocal frequency ratios.
